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Motivation & objective

Motivation: Light concentration using “surface plasmons”.

Surface plasmon Photonic devices

(Lalanne et al. 2018) (NanoWorld 2022)

Computational challenges
▶ Interface geometry ▶ Nonlinear materials

Objective: Evidence of complex resonances associated with a
sign-changing corner.
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1 – What are “complex resonances”? (Zworski 2017)

In scattering, complex resonances model energy leaking at infinity.
i∂tψ(t,x) = Hψ(t,x) + f(x), ψ(0,x) = 0

(
x ∈ R3)

.

The wave function is formally given by

ψ(t,x) = 1
2π

∫
Γ
R(ω)f(x)e−iωtdω (t > 0) ,

where the outgoing resolvent is R(ω) = (H − ωI)−1 for ℑ(ω) > 0.

σ(H) ̸= σp(H), bound states and quasi-normal modes

Branch

point
Isolated

EV

Embedded EV

Scattering

resonances

⇒ This work investigates a plasmonic analogue of scattering resonances.
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2 – Corners as a source of essential spectrum (Bonnet-Ben Dhia et al. 2013)

Plasmonic Eigenvalue Problem (PEP)
Find (u, κ) ∈ H1

0 (Ω) × C such that
div

[
εr(κ)−1∇u

]
= 0

with piecewise-constant permittivity:
εr(κ) = κ1Ωm

+ 1Ωd

Ωd
εr = 1
εr = κΩm

" Spectral parameter is contrast κ.
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= 0

with piecewise-constant permittivity:
εr(κ) = κ1Ωm

+ 1Ωd

Ωd
εr = 1
εr = κΩm

" Spectral parameter is contrast κ.

Point spectrum in H1
loc: κn < 0, κn → −1 (Grieser 2014, Thm. 1).
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2 – Corners as a source of essential spectrum (Bonnet-Ben Dhia et al. 2013)

Local problem around corner xc:
div

[
εr(κ)−1∇u

]
= 0 (⋆).

Countable family of solutions:
uη(r, θ) = riη × Φη(θ) (η ∈ H(κ, ϕ)) ,

where Φη ∈ H1
per(−π, π).

θ = ϕ
2xc ΩmΩd

r = R
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There is a critical interval Ic such that
κ ∈ Ic ⇐⇒ ∃ ηbh ∈ R : uηbh solves (⋆).

" uηbh ∈ L2
loc\H1

loc is a strongly-oscillating “black-hole” wave.
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Objectives and outline
Plasmonic Eigenvalue Problem (PEP)

Find (u, κ) ∈ U × C such that

div
[
εr(κ)−1∇u

]
= 0.

Objective: Numerical evidence of complex resonances for a
piecewise-smooth negative particle.

Outline

2 Definition of complex plasmonic resonances
What are they?

3 Applicability of corner complex scaling
How to compute them?

4 Numerical results using corner perturbations
Does this actually work?

4 / 17
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Definition of complex plasmonic resonances
Let Ωm ⋐ Ω ⋐ R2, ∂Ωm smooth except for one corner.

Operators: A(κ)u := div
[
εr(κ)−1∇u

]
R(κ)f := A(κ)−1f

 When ℑ(κ) > 0, R(κ) : H−1(Ω) → H1
0 (Ω) is bounded.

" When κ → I oc ∪ I ec , ∥R(κ)f∥H1(Ω) → ∞ (Bonnet-Ben Dhia et al. 2013).

Crossing R once yields 3 continuations
of κ 7→ R(κ):

R̃(κ) := R(κ)
(
κ ∈ C− ∪ R\Ic

)
R |e (o)(κ)

(
κ ∈ C− ∪ I e (o)

c

)

Definition. A complex plasmonic (CP) resonance is a pole of κ → R|e (κ)
or κ → R|o(κ) in C−.

Next: characterization of resonance functions as x → xc.
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Sketch of Mellin analysis (1) (Dauge and Texier 1997)

Local problem for κ ∈ C+:

div
[
εr(κ)−1∇u

]
= 0 (x ∈ D) .

Expansion: If u ∈ H1(D) then ∀η⋆ < 0,

u =
r→0

c0 +
∑

η∈Ĥϕ(κ)
ℑ(η)>η⋆

cη r
iηΦη(θ) + O

(
r−η⋆

)

with Φη ∈ H1
per(−π, π) and

Ĥϕ(κ) := {η | fϕ(η, κ) = 0, ℑ(η) < 0} . −1 −0.5 0 0.5 1
−4
−2

0
2
4

ℜ (η)

ℑ
(η

)

Ĥϕ(κ)

Strategy: Characterize resonance functions by studying the
continuation to C− of the map

C+ ∋ κ 7→ Ĥϕ(κ).
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Ĥϕ(κ)

Strategy: Characterize resonance functions by studying the
continuation to C− of the map
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Sketch of Mellin analysis (2)
Let’s compare three paths satisfying

Γ : (0, 1) → C, Γ(0) = κ0, Γ(1) = κ1

We track Ĥϕ(κ) as κ moves. 0−1 1
κϕ

κϕ ℜ(κ)

ℑ(κ)

I oc I ec

κ0

κ1
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)

Ĥϕ(κ1)

−1 −0.5 0 0.5 1
ℜ (η)

Ĥ|e
ϕ ()

−1 −0.5 0 0.5 1
ℜ (η)

Ĥ|o
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Ĥϕ(κ0)

−1 −0.5 0 0.5 1
−4
−2

0
2
4

ℜ (η)

ℑ
(η

)
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Characterization of resonance functions

Particle: Spectrum:

Characterization. κ ∈ C− is a resonance ⇔ ∃u /∈ H1
loc (Ω):

div
[
εr(κ)−1∇u

]
(x) = 0 (x ̸= xc), u|∂Ω = 0,

u(r, θ) ∼
r→0

c1 r
iηbh Φ(θ) + c0,

where ηbh = ηbh(κ) and ℑ (ηbh) > 0.

Next: applicability of corner complex scaling

8 / 17



Introduction Complex plasmonic resonances Complex scaling Numerical results Conclusion

Contents

1 Introduction

2 Definition of complex plasmonic resonances

3 Applicability of corner complex scaling
Corner complex scaling

4 Numerical results using corner perturbations

5 Conclusion



Introduction Complex plasmonic resonances Complex scaling Numerical results Conclusion

Corner complex scaling: formulation

Principle. Let α ∈ C. Define a non self-adjoint “PEPα” such that:
κ complex resonance of PEP ⇐⇒ κ eigenvalue of PEPα .

Intuitively, we would like
(PEP) ures ∼

r→0
eiη ln r Φη(θ) + c0 (ℑ (η) > 0)

↓

(PEPα) ures,α ∼
r→0

ei η
α ln rΦη(θ) + c0

(
ℑ

( η
α

)
< 0

)

Definition of PEPα. Substitution
r∂r → αr∂r

around the corner.
(Bonnet-Ben Dhia, Carvalho, Chesnel, and Ciarlet
2016)

θ = ϕ
2xc

Dα

r = R

Rα

Next: Domain of validity?
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Corner complex scaling: uncovered region

Definition of PEPα. Substitution r∂r → αr∂r around the corner.
(Bonnet-Ben Dhia, Carvalho, Chesnel, and Ciarlet 2016)

Proposition. Let κ be an eigenvalue of PEPα with α ∈ C\R. Then,
κ ∈ Uα

ϕ ⇒ κ is a complex resonance.
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How to obtain complex resonances?
Perturbation of elliptical Ωm by corner along major axis.

Embedded eigenvalues → Existence proof (Li and Shipman 2019, § 5.2)
→ Numerical evidence (Helsing, Kang, and Lim 2017)

Ωd

Ωm

−3 −2 −1

κe
nκo

n

κ

+

xc ΩmΩd

ϕ

−3 −2 −1
I ecI oc

κ
=

Ωm

Ωd

ϕ
−3 −2 −1

κe
nκo

n

I ecI oc

κ 11 / 17
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Discretization without scaling

Geometry. Piecewise-smooth ∂Ωm.

▶ Ellipse perturbed by a straight
corner of angle ϕ ∈ (0, π).

▶ C1 junction.

Ωm

Ωd

ϕ

∂Ω

Weak Formulation: Find (u, κ) ∈ H1
0 (Ω) × C s.t.

∀v ∈ H1
0 (Ω),

∫
Ωm

∇u(x) · ∇v(x) dx = −κ
∫

Ωd

∇u(x) · ∇v(x) dx.

Discretization:
AΩmU = −κAΩd

U,

where AΩm , AΩd
are real symmetric and positive (but not definite).

Next: addition of a complex scaling region around xc.

12 / 17
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Disretization with scaling
∂Ωm = ellipse perturbed by a corner of angle ϕ ∈ (0, π), C1 junction.

He :=
{
u ∈ H1(Ω\D)

∣∣u|∂Ω = 0
} Euler coordinates (z = ln(r), θ).

Hc :=
{
ŭ ∈ H1(S) | ŭ(·, π) = ŭ(·,−π)

}
Solution space:

V =
{

(u, ŭ) ∈ He ×Hc

∣∣∣u|Γ1
per

= ŭ|Γ2
per

}
.

13 / 17
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Disretization with scaling
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∣∣u|∂Ω = 0
} Euler coordinates (z = ln(r), θ).

Hc :=
{
ŭ ∈ H1(S) | ŭ(·, π) = ŭ(·,−π)

}
Solution space:

V =
{

(u, ŭ) ∈ He ×Hc

∣∣∣u|Γ1
per

= ŭ|Γ2
per

}
.

Discretization with H1-conforming elements (isoparametric P 2/Q2).
Find (κ, U) ∈ C × CN :[

A
(x,y)
Ωm\D + αA

(z)
Sm

+ 1
α
A

(θ)
Sm

]
U = −κ

[
A

(x,y)
Ωd\D + αA

(z)
Sd

+ 1
α
A

(θ)
Sd

]
U,

where all matrices are real. 13 / 17
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Disretization with scaling
∂Ωm = ellipse perturbed by a corner of angle ϕ ∈ (0, π), C1 junction.

He :=
{
u ∈ H1(Ω\D)

∣∣u|∂Ω = 0
} Euler coordinates (z = ln(r), θ).

Hc :=
{
ŭ ∈ H1(S) | ŭ(·, π) = ŭ(·,−π)

}
" Mesh symmetry at ∂Ωm to avoid spurious plasmons.
Proof for polygonal interfaces: (Bonnet-Ben Dhia, Carvalho, and Ciarlet 2018).

Methodology to deal with curvilinear ∂Ωm:
▶ One-cell thick structured layer.
▶ Symmetry w.r.t. elliptic coordinates (µ, θ) using isoparametric Q2.

Implementations COMSOL 5.4 and gmsh/dolfinx/PETSc/SLEPc.
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Results: corner perturbations along major axis (2)

uα(z, θ) ∼
z→−∞

ei η
α z Φη(θ) + c0

with ℑ(η) > 0 and ℑ(η/α) < 0
−π

−ϕ/2
0

ϕ/2

π

θ

Corner domain S
κ = κ2

−1
0
1

y

Corner domain Ω

−1

0

1

uα(z, θ) ∼
z→−∞

ei η
α z Φη(θ)

with ℑ(η) < 0 and ℑ(η/α) < 0

-20 ln (R)
−π

−ϕ/2
0

ϕ/2

π

z = ln(r)

θ

κ ≃ κo
3

−2 −1 0 1 2
−1

0
1

x

y
Fig. Eigenfunctions ℜ(uα)/∥uα∥∞ of PEP-α with α = ei π

6 .
(Top row) κ = κ2 ≃ 0.8086 − 0.02445i, complex plasmonic resonance,
(Bottom row) κ ≃ 0.70313 − 8.0357 · 10−8i ≃ κo

3 , embedded eigenvalue.
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Takeaways

▶ Quasi-normal surface plasmons u /∈ H1
loc(R2):

trap energy at corners,
are associated with complex resonances κ = ε

ε0
/∈ R,

are analogous to quasi-normal modes (“infinity ⇔ corner”)
▶ FE with corner complex scaling ⇒ linear eigenvalue problem

(Bonnet-Ben Dhia, Carvalho, Chesnel, and Ciarlet 2016)

▶ Agreement with (Li and Shipman 2019)

Outlook
▶ Interest of working with α(κ). (Nannen and Wess 2018)
▶ Properties and application of QNSP expansions. (Truong et al. 2020)
▶ Extension to e.g. Ωm ⊂ R3, Maxwell.

(Helsing and Perfekt 2018) (Li, Perfekt, and Shipman 2020)
(Bonnet-Ben Dhia, Chesnel, and Rihani 2022)

Thanks for your attention.
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