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Introduction

What is an impedance boundary condition (IBC)?

Purpose: model a passive medium as a boundary condition.

Typical application: waveguide
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Example 1: Wave equation
t

Op(x,t) = —zx Opp(x,t) = —/ 2(t — 1) Opp(x, 7)dT  (x € I'ipc)
0

» Dirichlet: z(t) = 0, Neumann: z(t) = oo, Robin: z(t) = 29 d(t).

Example 2: Maxwell's equations

E” :Z*H” Xn (33611|Bc)
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Introduction

Canwe alwaysuse an IBC?

» homogenization is possible

Accurate if: » homogenized medium is highly anisotropic

Example: Helmholtz resonator (“acoustic liner")

NP> Perforated plate

Fig. Trent 900 (A380). Inlet lined Rigid backplate

with a sound absorbing material. Fig. Example of liner.

» nonlinear absorption — Op = —Z (Op,p)

Extensions:
» flow effect (Joubert 2010) (Khamis and Brambley 2017)

2/14



Introduction
Outline
Talk objective. Overview of impedance boundary conditions (IBC):

» Derive numerical models from physical models
» Formulation suited to numerical methods for hyperbolic laws

Outline

© Admissibility conditions
What is the class of admissible impedance operators?

© Extended formulations
What is the structure of physical impedance models?

e Numerical applications
How to efficiently discretize an IBC?

3/14
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© Admissibility conditions
@ Motivation

@ Summary



Admissibility conditions
°

“System theory” viewpoint

Let us consider an IBC given by an operator Z.

Power balance along trajectories
Wave equation:

1 1
&= §||8tpH?z + QHVPH%

d&

?
e __8%u/ﬁ 23(6%1]))6%1Z)f§ 0
dt a0
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“System theory” viewpoint

Let us consider an IBC given by an operator Z.

Power balance along trajectories
Wave equation:

1 1
&= §||8tpH?z + QHVPH%

d&

?
7:_%/ Z(anp)anPSO
dt a0

Maxwell's equations:

| 1 1
3 &= §||E||?2+5HHH?2

I d -

: j =-R Z(H”Xn) H”X’I’L
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Admissibility conditions
°

“System theory” viewpoint

Let us consider an IBC given by an operator Z.

Power balance along trajectories

Wave equation:
1 1
£ = Sllowlé + SI1Vel

?
€ _ 5 / Z(0p) Bp < 0
o0

Maxwell's equations:
1 1
E=_-|E|d+ | HI?
2|| 6+ 2” 16
d&

E =-R 8QZ(I{”X’I’L)ﬁ”X’I’L

dt

/\ “System theory” viewpoint. Forget about the PDE and study
Zu(t) — y(t)

as an operator acting on functions of time.

A. Zemanian (1965). Distribution Theory and Transform Analysis. New York: McGraw-Hill
E. J. Beltrami and M. R. Wohlers (1966). Distributions and the boundary values of analytic

functions. New York: Academic Press

Next: admissibility conditions on =. )
4/14




Admissibility conditions
°

Admissibility conditions: summary

Starting point: let Z be a continuous map & — D’.

Definition. Z is passive if Yu € C°(R), ¥t > 0,

—

E(t) = /too P(r)dr >0, where P(7):= R[Z(u)(T)u(r)].

5/14



Admissibility conditions
°

Admissibility conditions: summary

Starting point: let Z be a continuous map & — D’.

Definition. Z is passive if Yu € C°(R), ¥t > 0,
t
E(t) = / P(r)dr >0, where P(r):= R[Z(u)(r)a(r)].

Definition. Z is admissible if it is causal, real-valued, and passive.

—

5/14



Admissibility conditions
°

Admissibility conditions: summary

Starting point: let Z be a continuous map & — D’.

Definition. Z is passive if Yu € C°(R), ¥t > 0,
t _
E(t) = / P(r)dr >0, where P(r) = R[Z(u)(r)u(7)].
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Admissibility conditions
°

Admissibility conditions: summary

Starting point: let Z be a continuous map & — D’.

Definition. Z is passive if Yu € C°(R), ¥t > 0,
t _
5ay:/ P(r)dr >0, where P(r) = R[Z(u)(r)u(7)].

Definition. Z is admissible if it is causal, real-valued, and passive.

Theorem. Z is linear time-invariant and admissible
& Z(u) = zxu with z € D/Jr NS’ and 2 positive-real.

Definition. f: C§ — C is positive-real if - 3(s)

(i) f is analytic, | i oS

(i) R[f] >0, By ()
(iii) f(s) € R when s € (0,00). 3 (CBL

Lemma. f satisfies (i) and (ii) <= z— i f (%) Herglotz.
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Extended formulations

Contents

© Extended formulations
@ Principle
@ Conservative formulation

@ Dissipative formulation



Extended formulations

Objective: getting rid of the convolution!

Wave equation with linear time-invariant IBC:

8t<z>:—<v7pu> on), p=zxu-n on .

/\ Difficulty: we need 2z x u(t) but we only know 2(s).

Extended formulation. Abstract Cauchy problem:
X =AX, X = (p,u,p) € H,
with A: D(A) C H — H.
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Objective: getting rid of the convolution!

Wave equation with linear time-invariant IBC:

8t<z>:—<v7pu> on), p=zxu-n on .

/\ Difficulty: we need 2z x u(t) but we only know 2(s).

Extended formulation. Abstract Cauchy problem:
X =AX, X = (p,u,p) € H,
with A: D(A) C H — H.

Example. ODE realization of z:

srult) n= [ @0duls)

Oips(t) = sps(t) +u(t) -n

C\,
YTy

B

Choosing a realization: A* = —A*? Link 0(A) <> 2(s)? Discretization?
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Extended formulations

Objective: getting rid of the convolution!

Wave equation with linear time-invariant IBC:

8t<z>:—<v7pu> on), p=zxu-n on .

/\ Difficulty: we need 2z x u(t) but we only know 2(s).

Extended formulation. Abstract Cauchy problem:
X =AX, X = (p,u,p) € H,
with A: D(A) C H — H.

Example. ODE realization of z:

%(S) T C+

/' i \m\ rrrrrrrrrrrrrr s 0
sxult) = [ pt)dals)

JT ; V4 3?(8)
opult) = seu(t) +ult) m |

Choosing a realization: A* = —A*? Link 0(A) <> 2(s)? Discretization?

ITwo formulations: 1. conservative. 2. dissipative. I 6/14



Extended formulations

Conservative realization (I' = iR)

Representation. If Z is positive-real, (Nedic 2017) (Cassier and Milton 2017)
oo
S
Z2(s)=as ——drv(w R(s) >0
() =as+ [ " T dw) (R(s) > 0).

with dv(w) = 2R[2(iw)] dw, a = limg_s 4 o 2(;) > 0.

T
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Extended formulations

Conservative realization (I' = iR)

Representation. If Z is positive-real, (Nedic 2017) (Cassier and Milton 2017)
oo
S
Z2(s)=as ——drv(w R(s) >0
() =as+ [ " T dw) (R(s) > 0).

with dv(w) = 2R[2(iw)] dw, a = limg_s 4 o 2(;) > 0.

T

Realization. There is a skew-symmetric matrix J,, such that

Puw | _ | Pw
ww]“]“’ [ww o

z*u:aﬁtu+/ Yo dr(w), O
0

U(ﬂ |
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Extended formulations

Conservative realization (I' = iR)

Representation. If Z is positive-real, (Nedic 2017) (Cassier and Milton 2017)
oo
S
Z2(s)=as ——drv(w R(s) >0
() =as+ [ " T dw) (R(s) > 0).

with dv(w) = 2R[2(iw)] dw, a = limg_s 4 o 2(;) > 0.

T

Realization. There is a skew-symmetric matrix J,, such that

z*u:aﬁtu+/ Yo dr(w), O 0
0

U(ﬂ |

= Skew-adjoint extended evolution operator A.
(Cassier, Joly, and Kachanovska 2017) (Gralak and Tip 2010) (Staffans 1994)

| Next: dissipative realization. | 7/14




Graphical motivation

Extended formulations
©000

Let us look at the Laplace transform of some physical models.

Unbounded cut I

Conjugated poles sy,

Bounded cut I

Bromwich contour
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Extended formulations
©000

Graphical motivation

Let us look at the Laplace transform of some physical models.

Unbounded cut I

&

Conjugated poles sy,

R(s) 0

3

S vl

|
Ny

Bromwich contour
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Extended formulations
0®00

“Oscillatory-Diffusive” kernels: summary

Representation. Let h be a positive-real function.

It (i) h extends meromorphically to C\I' with I C (—o0, 0],
(i) supjsj=g |h(s)] — 0 as R — oo,
(iii) A has no poles in Int(T),

then
~ Nk 1
() = + [ du©).
,2 § — Sk rs—¢§
with measure given by jump across cut




Extended formulations
0®00

“Oscillatory-Diffusive” kernels: summary

Representation. Let h be a positive-real function.

It (i) h extends meromorphically to C\I' with I C (—o0, 0],
(i) supjsj=g |h(s)] — 0 as R — oo,
(iii) A has no poles in Int(T),

then

A lu’k 1
h(s) = + [ du©). 1
P P W
with measure given by jump across cut

— “Diffusive” terminology: (Montseny 1998) (Hélie and Matignon 2006)
— Link with other function classes. If ug =0, u > 0, and h(t) € R:
- h(t) is a completely monotone function (Bernstein’s theorem)
(Gripenberg, Londen, and Staffans 1990) (Mainardi 1997)
- h(s) is a Stieltjes function (Berg 2008)
— Link with spectral theory: (2) with h(s) = (A — s)~! appears in Stone's formula
(Cheverry and Raymond 2021, §10.2). 9/14




Extended formulations
0®00

“Oscillatory-Diffusive” kernels: summary

Representation. Let I' C (—o0,0].

his)y=3 = +/F Sifdu(g), with dp(€) =

kez 5~ Sk
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Extended formulations
0®00

“Oscillatory-Diffusive” kernels: summary

Representation. Let I' C (—o0,0].

o) = 3 e [ dn(©). with du() = 5 de.

kez 5~ Sk

ODE realization:

kEZ

heu(t) = Y neplts )+ [ £ dul€), dup(t,) = siplt. )+ ult)

A h multivalued < T' # @ < continuum of ODEs.
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Extended formulations
0®00

“Oscillatory-Diffusive” kernels: summary

Representation. Let I' C (—o0,0].

o) = 3 e [ dn(©). with du() = 5 de.

kez 5~ Sk

ODE realization:
heu(t) = Y neplts )+ [ £ dul€), dup(t,) = siplt. )+ ult)

kEZ

A h multivalued < T' # @ < continuum of ODEs.

Power balance. If g > 0 and > 0, there is an energy L(t) such that ‘

P(t) = R{(hxw)al(t) > %(t).

= Dissipative extended evolution operator A.

[ Next: realization of a physical model. l

9/14



Extended formulations
[oleY o)

Dissipative realization of physical impedance models

Example: 1D modeling of a Helmholtz resonator

. 1 p(0)
2(s) =~ ;pm. Stokes eg-/ Helmholtz eq.

m:0—|lp le

10/14



Extended formulations

[e]e] o}

Dissipative realization of physical impedance models

R IR
2(s) =~ ;pzperf(s)

1
+ — coth (jk (s) I.) .
Oc

Example: 1D modeling of a Helmholtz resonator

Stokes eq.__|Helmholtz eq.

w_—
—+

m:O—|lp
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Extended formulations
[oleY o)

Dissipative realization of physical impedance models

Example: 1D modeling of a Helmholtz resonator

) 5|00 tay, Vstars 3 Stokes eq. |Helmholtz eq.

V\I/

1 l
+0—coth(bo+b1/2\/§+bls), l ;1::()—|lp le

with a1/,, b1/, oc /v (diffusion).
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Extended formulations
[oleY o)

Dissipative realization of physical impedance models

Example: 1D modeling of a Helmholtz resonator

) 5|00 tay, Vstars 3 Stokes eq. |Helmholtz eq.

*_—

1 l
+0—coth(bo+b1/2\/§+bls), l ;1::()—|lp le

with a1/,, b1/, oc /v (diffusion).

Representation is obtained by rewriting
le. =1,

~ _ = }A —Tsi
2(s) = o +ais +ha(s) +e 12(5), with delay 7 = 2——.
zxu(t) = agu(t) + a10iu + hy *u(t) + ho x u(t — 7), o

Realization follows from the realizations of two irrational kernels:

10/14



Extended formulations
[oleY o)

Dissipative realization of physical impedance models

Example: 1D modeling of a Helmholtz resonator

) 5|00 tay, Vstars 3 Stokes eq. |Helmholtz eq.

V\I/

1 l
+0—coth(bo+b1/2\/§+bls), l ;1::()—|lp le

with a1/,, b1/, oc /v (diffusion).

Representation is obtained by rewriting
2(s) = ao +ars + hi(s) + e 7" hao(s), with delay 7 = gle —ln
zxu(t) = agu(t) + a10iu + hy *u(t) + ho x u(t — 7), Co

Realization follows from the realizations of two irrational kernels:

“Oscillatory-diffusive” h(s).
Realization with ODE:

h; xu(t) = /Fcps(t) du;(s)

Orps(t) = sps(t) +ult). o)




Extended formulations
[oleY o)

Dissipative realization of physical impedance models

Example: 1D modeling of a Helmholtz resonator

) 5|00 tay, Vstars 3 Stokes eq. |Helmholtz eq.

V\I/

1 l
+0—coth(bo+b1/2\/§+bls), l ;1::()—|lp le

with a1/,, b1/, oc /v (diffusion).

Representation is obtained by rewriting
2(s) = ao +ars + hi(s) + e 7" hao(s), with delay 7 = gle —ln
zxu(t) = agu(t) + a10iu + hy *u(t) + ho x u(t — 7), Co

Realization follows from the realizations of two irrational kernels:

Time-delay kernel e™*7 “Oscillatory-diffusive” h(s).
Realization with transport PDE on (—7,0): Realization with ODE:
ot =) = [ wult, =) da(s) eu(®) = [ () duis)
T I
atws(tv 0) = 89¢s(t7 9)7 "/}S(tv 0) = Sos(t) atgps (t) =S Sos(t) + U(t) 10414



Extended formulations
ocooe

Dissipative realization: semigroup approach to stability
Extended formulation: 9, X = AX with A: D(A) C H — H.

Asymptotic stability theorem (Arendt and Batty 1988) (Lyubich and Vii 1988)
Assume A generates a Cp-semigroup of contractions 7 (t) € L(H).
If: (i) op(A)NiIR =g,
(ii) o(A)NiR is countable,
then 7 is asymptotically stable:
VXo € H, ||Tt)Xo|lx i:;;; 0.

11/14



Extended formulations
ocooe

Dissipative realization: semigroup approach to stability
Extended formulation: 9, X = AX with A: D(A) C H — H.

Asymptotic stability theorem (Arendt and Batty 1988) (Lyubich and Vii 1988)
Assume A generates a Cp-semigroup of contractions 7 (t) € L(H).
If: (i) op(A)NiIR =g,
(ii) o(A)NiR is countable,
then 7 is asymptotically stable:
VXo € H, ||Tt)Xo|lx t?o 0.

Example. 2(s) = 1/4/s.

H=  VHYQ) x L*(Q) x L*(09; Vp) x SNy oess(A)
D(A) O Haw(Q) x H(Q) x L2(9Q A), op(A)
with Vs = L? ((Ov 00)7 (1 + g)s d,u(f))

— No exponential stability.
— Embedding D(A) C H not compact.

14



Numerical applications

Contents

e Numerical applications
@ Scattering formalism

@ Aeroacoustical application



Numerical applications
°

Numerical benefit of scattering formalism

Impedance formulation
y=Z(u)
Absorbed energy:
t
£(t) = / R[Z (u)a] dr
LTI case: Z(u) = z x u with
%(s) positive-real (R[Z] > 0)

Scattering formulation

12/14



Numerical applications
°

Numerical benefit of scattering formalism

Impedance formulation Scattering formulation
y = Z(u) y—u=DB(y+u)
Absorbed energy: Absorbed energy:
t ¢
E(t) = / R[Z(uw)u] dr 4E(t) = / [ly+ul>~|B(y+u)?] dT
LTI case: Z(u) = z x u with LTI case: B(u) = 5 u with
%(s) positive-real (R[Z] > 0) A3(s) bounded-real (]3| < 1)

Why B? Stability, inverse methods, characteristics-based fluxes
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Numerical applications
°

Numerical benefit of scattering formalism

Impedance formulation

y=Z(u)
Absorbed energy:

:/_too R[Z(uw)u] dr

LTI case: Z(u) = z x u with
%(s) positive-real (R[Z] > 0)

Scattering formulation
y—u=DB(y+u)
Absorbed energy:

t
4E(t) = / [ly+ul?—|B(y+w)?] dT

LTI case: B(u) = 5 u with
B(s) bounded-real (|3 < 1)

Why B? Stability, inverse methods, characteristics-based fluxes

lllustration with algebraic nonl|near|ty (DG4, LS-ERKA4(8))

T T T
o
o S

o

4

0.8

CFL
=)
~

’—e—B—I(ref)

o
=TT T

1.05 1.
Incident amplitude

—~=

il il
1.15
dB arbitrary)
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Numerical applications
°

Numerical benefit of scattering formalism

Impedance formulation
y=Z(u)
Absorbed energy:
t
£(t) = / R[Z (u)a] dr
LTI case: Z(u) = z x u with
%(s) positive-real (R[Z] > 0)

Scattering formulation
y—u=DB(y+u)
Absorbed energy:

45@):/_;

LTI case: B(u) = 5 u with
B(s) bounded-real (|3 < 1)

[ly+ul®~|B(y+w)?] dT

Why B? Stability, inverse methods, characteristics-based fluxes

lllustration with algebraic nonlinearity (DG4, LS-ERK4(8))

T T T T T T
o

0.8 & *~* © O | —o— B =1 (ref.)
™ B F o 1| =% Z(u) = |ulu
L 04 . *‘*‘*_* n

[ LY

0 S S Y A IS N
1 1.05 1.1 1.15
Incident amplitude (dB arbitrary)
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Numerical applications
°

Numerical benefit of scattering formalism

Impedance formulation
y=Z(u)
Absorbed energy:
t
£(t) = / R[Z (u)a] dr

LTI case: Z(u) = z x u with

Scattering formulation
y—u=DB(y+u)
Absorbed energy:

%(s) positive-real (R[Z] > 0)

45@):/_;

LTI case: B(u) = 5 u with
B(s) bounded-real (|3 < 1)

[ly+ul®~|B(y+w)?] dT

Why B? Stability, inverse methods, characteristics-based fluxes

lllustration with algebraic nonlinearity (DG4, LS-ERK4(8))

- OO0
0.8 %

'~

—— B =1 (ref)

5 sl *"\*\* |- 2w = lulu
. - ~*_*_*_{ ""x""BZ(Z—I)O(Z+I)_1
0 S S Y A IS N
1 1.05 1.1 1.15
Incident amplitude (dB arbitrary)




Numerical applications
°

Application: linear aeroacoustics duct

'y
>
z=0 L1 L2 L
DG4, 552 triangles, LS-ERK4(8), CFL=0.85
T P T 1
0
| | _1
r=0 Ly Ly L
SPL (dB) at 2.5 kHz
140
130
120 .
110 : :
Tr = L1 L2 L
x (mm)
13 /14




var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton0'){ocgs[i].state=false;}}




Numerical applications
°

Application: linear aeroacoustics duct
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Numerical applications
°

Application: linear aeroacoustics duct

N

Ba(s) (liner CT57 — NASA Langley)

5
s
rz=0 L1 L2 L
DG4, 552 triangles, LS-ERK4(8), CFL=0.85
\ P T 1
0
\ \ -1
z=0 L1 L2 L
SPL (dB) at 2.5 kHz Mp average = 0.335
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Contents

© Conclusion
@ Conclusion and outlook



Conclusion
°

Conclusion > appendix

Takeaways
» Admissibility conditions
Linear case: positive-real / Herglotz / bounded-real functions.
» Exact time-local realization using integral representation
Conservative (ODE) vs Dissipative (ODE+PDE).

» Numerical interest of characteristics-based B-formulation

Outlook
P Integration in jaguar and elsA CFD solvers
(Fiévet et al. 2020) (Casadei et al. 2021)
» Discretization topics:
inverse methods, discontinuous Galerkin, nonlinear ODE with B
» Alternative dissipative realization (using path from (Lubich 1988))
» Maxwell's equations.
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Conclusion
°

Conclusion > appendix

Takeaways
» Admissibility conditions
Linear case: positive-real / Herglotz / bounded-real functions.
» Exact time-local realization using integral representation
Conservative (ODE) vs Dissipative (ODE+PDE).

» Numerical interest of characteristics-based B-formulation

Outlook
P Integration in jaguar and elsA CFD solvers
(Fiévet et al. 2020) (Casadei et al. 2021)
» Discretization topics:
inverse methods, discontinuous Galerkin, nonlinear ODE with B
» Alternative dissipative realization (using path from (Lubich 1988))
» Maxwell's equations.

Thanks for your attention.
14 /14
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