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Introduction
°

What are “complex resonances”? (zworski 2017)

In scattering, complex resonances model energy leaking at infinity.
i0pp(t, ) = Hy(t,x) + f(2), (0,2) =0 (v €R?).

The wave function is formally given by
1/ ,
vltw) = 5 [ B f@)e o (> 0),
27T_ T
where the outgoing resolvent is R(w) = (H —wl) ™" for S(w) > 0.
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= This work investigates a plasmonic analogue of scattering resonances.




Introduction
°

Corners as a source of essential spectrum (gonnet-Ben Dhia et al. 2013)

Plasmonic Eigenvalue Problem (PEP)
Find (u,x) € H}(Q2) x C such that o e =1

div [e,(rk)"'Vu] =0 (%)
with piecewise-constant permittivity:

er(k) = klg,, + 1q,

m

/\ Spectral parameter is “contrast” k= em(W)/e, .
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Find (u,x) € H}(Q2) x C such that Q e =1

div [e,(k)"'Vu] =0 (%)
with piecewise-constant permittivity:

er(k) = klg,, + 1q,

m

/\ Spectral parameter is “contrast” k= em(W)/e, .

SN Point spectrum in H,._: r, <0, k,, — —1 (Grieser 2014, Thm.1).

Eigenvalues k.,
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Corners as a source of essential spectrum (Bonnet-Ben Dhia et al. 2013)

Plasmonic Eigenvalue Problem (PEP) r=R .
Find (u,x) € H}(Q2) x C such that ///_A\\\ \0 _¢
div [e,(k)"'Vu] =0 (%) [ Te ?
with piecewise-constant permittivity: \\\ Q4
er(k) = klg,, + 1q, ol -

(@O TNIRENIAWAY There is a critical interval I such that
k€L < 3n>0: u,(r,0) =D, (0) solves (%),

for some @, € H',, (—, 7). Crucially u, ¢ H__ (strongly-oscillating).
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Introduction

jectives and outline

(OlElei7y) Compute complex resonances and embedded eigenvalues
for particles with corners.

Qq

S

@ Definition of complex plasmonic resonances
9 Applicability of corner complex scaling

© Numerical results using corner perturbations



Complex plasmonic resonances
°

Continuation of the resolvent: summary of Mellin analysis
Let Q C R? bounded, OS2 smooth except for one corner.
div [e,(k) "' Vu] = f, won =0 (S(k) > 0).
Lax-Milgram vyields a bounded resolvent R(x): H~1(Q) — HZ ().

A As k — 18 UIg, R(H)fHHl(Q) — 00.
(Bonnet-Ben Dhia, Chesnel, and Claeys 2013).

Ko (k)
oo
) -1 0 R(x)
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Crossing R once yields 3 continuations "3.0 S(k)
of R(k): Logarithmic BP
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Algebraic BP
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A complex plasmonic (CP) resonance is a pole of kK —
Rl (k) or k — R!°(k) in C.
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°

Continuation of the resolvent: summary of Mellin analysis
Let Q C R? bounded, OS2 smooth except for one corner.
div [e,(k) "' Vu] = f, won =0 (S(k) > 0).
Lax-Milgram vyields a bounded resolvent R(x): H~1(Q) — HZ ().

AN\ As kK — ICU UICB, R(K])fHHl(Q) — 00.
(Bonnet-Ben Dhia, Chesnel, and Claeys 2013).

Crossing R once yields 3 continuations o S(k)
of R(k):
- _ N |
R(k)=R(R) (keC” UR\L) x 0
RI<©) (k) (nec ur®)
K1 C-

(@ EEle=greinton If <, is a CP resonance, the associated function blows
up at the corner like

Ures(T, 0) =0 gininr D, (0)+co+ O (1“7’7*) (S(n) >0, n <0),

where &, € H)_ (-, 7).




Complex scaling
°

Corner complex scaling: formulation and uncovered region

Principle. Let o € C. Define a non self-adjoint "PEPa" such that:

K complex plasmonic resonance of PEP <= k eigenvalue of PEP« .

Intuitively, we would like
(PEP)  thres ~ €7 ®(0) + o (S(n) > 0)

il
(PEP0)  thes ~ STTE (0) + ¢

Definition of PEP«. Substitution
rd, — 10,

around the corner.
(Bonnet-Ben Dhia, Carvalho, Chesnel, and Ciarlet,
2016) ‘

Domain of validity?



Complex scaling
°

Corner complex scaling: formulation and uncovered region

Definition of PEP«. Substitution 0, — ard, around the corner.
(Bonnet-Ben Dhia, Carvalho, Chesnel, and Ciarlet 2016)
Proposition. Let x be an eigenvalue of PEPa with oo € C\R. Then,
k €Uy = ris a CP resonance.
p=0971| =1 .10~3  (zoom at -1)
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°

Corner complex scaling: formulation and uncovered region

Definition of PEP«. Substitution 0, — ard, around the corner.
(Bonnet-Ben Dhia, Carvalho, Chesnel, and Ciarlet 2016)

Proposition. Let x be an eigenvalue of PEPa with oo € C\R. Then,

K € U(‘z,‘ = k is a CP resonance.
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Complex scaling
°

Corner complex scaling: formulation and uncovered region

Definition of PEP«. Substitution 0, — ard, around the corner.
(Bonnet-Ben Dhia, Carvalho, Chesnel, and Ciarlet 2016)
Proposition. Let x be an eigenvalue of PEPa with oo € C\R. Then,
K E U(‘z,‘ = kK is a CP resonance.
¢ =097 | o0 =e'%
0.2 j T T T T I‘% T T t [ ]
- 2 i 4 ]
0.1 B 2 9 } E
X ol bl Lol 0 il ) E—— n
| [ Bl g
—0.1r 1 72 ]
: I(f,/\ : _4 n
—0.2L I | . I i
—-1.2 -1 -0.8 _5.10"3 103
R (k) 5




Numerical results
[ 1}

How to obtain complex resonances?

Perturbation of elliptical 2,,, by corner along major axis.

— Existence proof (Li and Shipman 2019, §5.2)

Embedded eigenvalues . . ) )
— Numerical evidence (Helsing, Kang, and Lim 2017)

Jo I 3
[ h’n Kn
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Numerical results

oe

Geometry, weak formulation, Mesh
99, = ellipse perturbed by a corner of angle ¢ € (0,), C* junction.

= 0=mn
%j vvvvvv 5 Ffm
s =
In(Frr) :=In(R)
| Euler coordinates (= = In(r),6). |
He={ue H' (ND) |ujpg =0} | H.={ue H'(S) |a(-,7)=1u(-,~7)}

Solution space:
V= {(u,qj) € H.x H,

ury,, = Uz, } :




Numerical results
oe

Geometry, weak formulation, Mesh

99, = ellipse perturbed by a corner of angle ¢ € (0,), C* junction.

T ‘ N Sa o
W Y By LEN ¢ S ]
& ~ég%%zg‘ ; Sa Tr
Ay = In(R7r) z=In(R)
X | Euler coordinates (= = In(r),0). |
H, :={ue H'(Q\D) H.={ue H'(S) |u(,m) =u(-,—m)}

Solution space:
V= {(u,qj) € H.x H,

ury, = tpre, } :
Discretization with H'-conforming elements (isoparametric P2/Q?).
Find (x,U) € C x CV:

x, z 1 6 x, z 1 6
AGD oA 11 Agg} U=—r [Agzdgg voa) + 1 Agg} U,

where all matrices are real.




Numerical results
oe

Geometry, weak formulation, Mesh
99, = ellipse perturbed by a corner of angle ¢ € (0,), C* junction.

0=m

@D DS > =
7 "-V'A%,-’.?.~ A $
AR A R
& A AYAVAY B U= (7w \ m e
G X}{X}t}{ ) -3 |
B\ ivs v, SASS i
R0 A ! .
) ~‘¥§£ﬁ§£§£5 % In(Rrg) 7:111(})

Euler coordinates (z = In(r), 6).

He={ue H(Q\D) |ujpo =0} | H, = {ae HY(S) |a(-,m) = (-, —m)}

/A Mesh symmetry at 01),, to avoid spurious plasmons.
Proof for polygonal interfaces: (Bonnet-Ben Dhia, Carvalho, and Ciarlet 2018).

Methodology to deal with curvilinear 9€2,,:
® One-cell thick structured layer.
® Symmetry w.r.t. elliptic coordinates (1, #) using isoparametric Q2.

Implementations COMSOL 5.4 and gmsh/dolfinx/PETSc/SLEPc.




Numerical results
®00

Results: corner perturbation along major axis
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Fig. Spectrum for increasing values of arg(«).
(O.0): unperturbed eigenvalues «,, and x,,, (==): critical interval I,
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Results: corner perturbation along major axis
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(—,—): critical curves IS and 127,

(x): computed (N}, = 26345, Rtr = 107°° - R).
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Results: corner perturbation along major axis
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Numerical results
oeo

Results: corner perturbations along major axis

Corner domain S Corner domain 2
T

T
?/2

~f

2
™

T

a0 _etew
—9/2 - with S(n) < 0 and S(n/a) <0
bl

-20

z=1In(r)

Fig. Eigenfunctions R(u..)/||u. |l of PEP-c with o = €%
(Top row) k = ko ~ 0.8086 — 0.02445i, complex plasmonic resonance,
(Bottom row) k ~ 0.70313 — 8.0357 - 10~%i ~ kg, embedded eigenvalue.



Numerical results

ooe

Results: corner perturbations along both major /minor axes
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Elliptical particle perturbed by two corners
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Numerical results
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Results: corner perturbations along both major /minor axes

&

Elliptical particle perturbed by two corners
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Numerical results
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Results: corner perturbations along both major /minor axes
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Conclusion
°

Conclusions & outlook  «Appendixtoc

— Complex plasmonic (CP) resonances

® Analogous to scattering resonances: ”Infinity < Corner”

— Corner complex scaling (Bonnet-Ben Dhia, Carvalho, Chesnel, and Ciarlet 2016)
® Linear eigenvalue problem in x, valid in uncovered region Uy

— Numerical results
® Meshing strategy for curvilinear sign-changing interface

® Corroborate mechanism described in (Li and Shipman 2019)

® Interest of working with a(x)? (Nannen and Wess 2018)

® Drop quasi-static assumption. (Demésy et al. 2020)
® Expansion using quasi-normal surface plasmons? (Truong et al. 2020)

e Extension to Q,, C R3.
(Helsing and Perfekt 2018) (Li, Perfekt, and Shipman 2020)

11
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Thanks for your attention. Any questions? 11
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