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Motivation: noise reduction
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Fig. Trent 900 (A380). Inlet lined
with a sound absorbing material.

Fig. Example of liner.
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Motivation: noise reduction

Fig. Trent 900 (A380). Inlet lined
with a sound absorbing material. Fig. Example of liner.

Time-harmonic (w) Kol time-domain (t) JiegullEalel g

Pros of a time-domain formulation (Tam 2012)
e Broadband sources e Nonlinear absorption
¢ Nonlinear PDE (CFD) + Theoretical interest

= Objective Time-domain boundary condition (IBC).
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IBC: Definition, applicability, admissibility

PDE of interest

d | n
3t u + Z A,-@X, v =0 on Q : z
P i=1 P 1

with IBC on 09.

of an impedance boundary condition (IBC)

p=Z(u-n) = p(t)=|zxu-n|(t)

u-n=Y(p) = u-n=yxp
p—u-n=B(p+u-n) LI p—u~n:B»§(p+u-n)
JAVolsliteEYefllia Only to locally reacting surfaces (Kinsler et al. 1962, §6.7).

= An admissible IBC dissipates
energy at 0S).

What do impedance models look like ?
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Physical models vs numerical models

Physical modeling of SDOF liner

Stokes €q. Helmholtz €q. kc Analytical ( ] >
- - N (5, X)
[ } > solution P
x=0——, Ie
. 1 5(0)
Zohys(s) = UTW
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Physical models vs numerical models ,

Physical modeling of SDOF liner

Stokes eq. Helmholtz eq. k. Analytical o (5,%)
‘T/ } > solution Is ’
x=0 —\ I I
A 1 p(0 1
Zonys(S) = p. ZEO; = o+ ay, Vs+as + o coth (bo + by, /s + by s)

where fractional terms are linked to viscothermal diffusion au,, by, o N

Early works: (S. Davis 1991), (Tam et al. 1996), (Ozyériik et al. 1998).

EHR (Rienstra 2006)

|
|
N |
Zoum(S) =a0 + a1s | )
| erLIm g
|
|
I

Multipole (Fung et al. 2001)

+ ap coth (bg + b1 s) S — Sk

k=1

= Discretization (Chevaugeon et al. 2006)w:> “Recursive” convolution
' = ODE (Bin et al. 2009)
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State of the art

® Physical # numerical models ® Admissibility & stability explored
by different communities

® Numerical models mostly linear

Consider physical, computational, and mathematical aspects of IBCs.

(a) Time-domain structure of physical impedance models?
(b) Well-posedness and stability?

(c) Discretization?

(d) Nonlinear absorption mechanisms?
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Objectives

State of the art

® Physical # numerical models ® Admissibility & stability explored

® Numerical models mostly linear by different communities

Objectives

Consider physical, computational, and mathematical aspects of IBCs.
(a) Time-domain structure of physical impedance models?
(b) Well-posedness and stability?
(c) Discretization?

(d) Nonlinear absorption mechanisms?

Intro Admissibility and examples of IBCs

Part | Time-domain analysis of physical models
Part 1l Discontinuous Galerkin discretization
Part Il Stability of wave equation
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Part |: objective of model analysis
O1:][3elils) Time-domain expression of linear physical models Zphys

Jeltellly 2, can be expressed using two simpler kernels:

Time delay Oscillatory-diffusive (OD)
e " h(s)

= Enables to deduce discrete model Zyum from Zpys

Application to a CT liner impedance model (z.,0. = 1):

Zonys(S) = coth(bo+by,/s+bis) =1+ e ™ h(s), 7=2b; (R(s) > 0)

Oscillatory-diffusive representation

oscillatory part (poles s)

h(s) =Y +/0 _fi*i dg

keZ

diffusive part (cut)
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© Physical impedance models in the time domain
@ Application to CT impedance model
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Two steps to express Zphys * u(t) = u(t) + h xu(t—7).
(1) Oscillatory-Diffusive

(2) Delay
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Application to CT model: realization

Two steps to express Zphys * u(t) = u(t) + h xu(t—7).

(EBNCOEE [ECCIABIITITENS) Convolution expressed with diffusive variable ¢

heu() =3 rplt—s)+ [ et ude.

kEZ

which can be computed through first-order ODEs
Oep(t,x) = —xp(t, x) + u(t), @(t=0,x)=0 <= p(t,x) =e “*u.

t

@ILE) Delay expressed with hyperbolic variable ¢ (x omitted)

() [zp(t,e:O) =¢(t)]
o(t—7) =(t,0 = —T)]

Boundary output

Boundary input

0
0

which can be computed through 1D transport PDE on (—7,0):
81.1/)(1', 0) = 89¢(t7 9) (0 € (*Ta O))
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The representation of Zh,s suggests N
N 3
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Zoum(s) =14 e 7 houm(s) . hnum(s) = Z + Z e
k=1
Time-local computation of z,,m * u through

PDE o ODE, (Ny + 1) x (Ns + N¢) variables
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Application to CT model: discretization

The representation of Zh,s suggests

N, Ne
2 —7s b 7 Z Tk L
Zoum(s) =1+ € " hum(s) ; hrum(s) = s — 5 +§:sf|—(k

k=1 k=1 5

Time-local computation of z,,m * u through

PDE o ODE, (Ny + 1) x (Ns + N¢) variables

Oscillatory-Diffusive KSR Thlaalels

A

K
J(rk7ﬂk7£k75k) = Z| E(ka) - hnum (jwk)‘Z
k=1
@ Choose &, compute s, and r, = Res(ﬁ,sk)
® Compute i, = argmin J(rg, -, &k, Sk)

© (If still needed) adjust || Z,um — 2|2 against experimental data
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Application to CT model: discretization

The representation of Zh,s suggests N
N 3

2 —7s [ 7 Tk Lk
Zoum(s) =14 e 7 houm(s) . hnum(s) = Z + Z e
k=1
Time-local computation of z,,m * u through

PDE o ODE, (Ny + 1) x (Ns + N¢) variables

Oscillatory-Diffusive 8o functic:{n
J(rics b, Ey 56) = Z| h (jwk) — Paum (i)
@ Choose &, compute s ancllcr:;l( = Res(/A1, k)
® Compute i, = argmin J(rg, -, &k, Sk)

© (If still needed) adjust || Z,um — 2|2 against experimental data

BEEW) Discontinuous Galerkin (DG) of order N, on (—,0)

PPW(f) := Nfzﬁ
.
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Application to CT model: illustration

3
N . Criw Ik Mk A .
Zohys(jw) =14+ e 7 - + . = Znum(jw
P}/S( ) ,;JW—Sk kgl]w"i‘{k n m( )
R [2(jw)] S [2(jw)]
5 T T T T 5 r T T T T ]
I | oof .
0 | | | | | | ] _5 : | | | | | :
0 2 4 6 8 10 0 2 4 6 8 10
f (kHz) f (kHz)
1B(jw)| Arg[B(jw)] (deg)
1 —T 180 r T T T T ] ]
i 1 90| |
I | oo .
| | —90| |
0 | | | | | —180 i | | | | | il
0 2 4 6 8 10 0 2 4 6 8 10
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Application to CT model: illustration

Ns N
~ . Criw Ik Mk A .
Zohys(jw) =14+ e 7 - + . = Znum(jw
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5 T T T T 5 r T T T T ]
of )
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Application to CT model: illustration

3
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Application to CT model: illustration
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Application to CT model: illustration

N . —riw Ik Mk o .
pd w)~1+4+e T =! Zoum (jw
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Application to CT model: illustration

Zohys(jw) = 1+ e v Z

R [2(jw)]

T T T T ]

||/ S

|

7
4
W
I D T W N R T

f (kHz)
1B(w)

2 4 6 8 &
f (kHz)
Arg[B(jw)] (deg)

—180




Model analysis

Summary of Part I: Model analysis

Questions addressed in Part |

(a) Structure of physical impedance models?

(b) Well-posedness and stability?
(c) Discretization?

(d) Nonlinear absorption mechanisms?

Further results

@ Characterization of OD kernels h

@ Discretization of OD representation (quadrature method)

© Application to other physical models Zyhys . Vohys Bphys

= Part II: Discretization with Discontinuous Galerkin
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(OLFediS) Discretization with Discontinuous Galerkin (DG) method



DG discretization
°

Part Il: Objectives

S e N R D) on (0, T) x Q, Q C RY

orp+ (uo-V)p+ V- -u+vpV-ug=0
Oru+ (ug - VIu+ coVp+ (u-V)ug + p(Mg - V)ug =0

with IBC on I, C 09, My = up/co.

(OLFediS) Discretization with Discontinuous Galerkin (DG) method

Continuous problem LEEs as Friedrichs system:

v+ AV)v+Bv=0, A(n)= < (U(;)':T)Hd uf)o'n" )7 v [ Z }

Semi-discrete problem 0:v, + Apv, =0, where A, : V), — V, is

weak formulation on T

(Ahvh, Wh)Lz(Q) = Z (.AV;,, Wh)LZ(T) + ( (A(n)vh)* — A(n)vh, Wh>

TeTh

L2(8T)

weak coupling
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@ Validation on nonlinear impedance tube
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Weak enforcement of IBCs

Definition of numerical flux (A(n)vy)* to weakly enforce
impedance boundary condition at I',?

= Centered flux with ghost state v&

(A(n)v)* = %A(n)v + % A(n)vE | with v& = v&(n, Z(v),v).

Definition of admissibility conditions

The flux (A(n)v)™ is said to be admissible if it is both consistent and passive.
e (Consistency) Let v(t) € V be @ (Passivity) Vv,(t) € V4, t >0,

the exact solution. 1 [t h . e
A(n)vE = A(n)v . E/o (Al vn)iagr,y dr 2 0.

+ desirable continuity conditions as "Z(v) — 0" or "Z(v) — o0".
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Weak enforcement of IBCs

Definition of numerical flux (A(n)vy)* to weakly enforce
impedance boundary condition at I',?

= Centered flux with ghost state v&

(A(n)v)* = %A(n)v + % A(n)vE | with v& = v&(n, Z(v),v).

Definition of admissibility conditions

The flux (A(n)v)™ is said to be admissible if it is both consistent and passive.
e (Consistency) Let v(t) € V be @ (Passivity) Vv,(t) € V4, t >0,

the exact solution. 1 [t h . e
A(n)vE = A(n)v . E/o (Al vn)iagr,y dr 2 0.

+ desirable continuity conditions as "Z(v) — 0" or "Z(v) — o0".

® Consistent and unstable fluxes ® ) may be preferable to Z
are possible ® ‘“ldeal”: scattering operator
® 3 fluxes based on Z, Y, B B=(Z2-2)o(Z2+1)7!

10
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@ Validation on nonlinear impedance tube
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L —~—— B iSpace: ArtimonDG(4)
: o Time: LSERK (8,4)
x=0 x=1L :(Toulorge et al. 2012)

e Analytical solution even with nonlinear B = enables validation
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Validation: nonlinearimpedance tube

L —~—— B iSpace: ArtimonDG(4)
: o Time: LSERK (8,4)
x=0 x=1L :(Toulorge et al. 2012)

e Analytical solution even with nonlinear B = enables validation

G
Focus on EUEENMWLE) given by Zc(u) = aou + —"||u|u and
Co

. 2v Cal 4|v|v
Be(v) = 5o¢(v) 4 (a0 2O

= Be(v) <v.

CnI
—
Co (30 + 1)

O(v) = 1+\/1 +4

11
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Validation: nonlinearimpedance tube

L —~—— B iSpace: ArtimonDG(4)
: o Time: LSERK (8,4)
x=0 x=1L :(Toulorge et al. 2012)

e Analytical solution even with nonlinear B = enables validation

G
Focus on (e ) given by Zc(u) = au + —=|ulu and
=]

Cn| 4|V|V Cn|
Be(v) = 60 , O(v) =14+, /1+4——|v|.
(v) co (a0 + 1)2 d(v)? co (a0 + 1)2
= Bc(v) < v. Differences between Z and ‘B fluxes?
T T T C\FL\ T T T T
0.8%" ! o ! BRI ! — o] |e—B=1
- : Zc
0.4 - 7 Be
1 I [ [ [ \ [ [ [ 1
980 185 190 195 205 210

SPL of incident wave (dB (arbltrary))

11
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Validation: nonlinearimpedance tube

L —~—— B iSpace: ArtimonDG(4)
: o Time: LSERK (8,4)
x=0 x=1L :(Toulorge et al. 2012)

e Analytical solution even with nonlinear B = enables validation

G
Focus on (e ) given by Zc(u) = au + —=|ulu and
=]

Cn| 4|V|V Cn|
CO(v) =14, 14—y,
(V) co(ao—i-l)2 ®(v)? V) \/ co(ao+1)2| |

= Bc(v) < v. Differences between Z and (B fluxes?

Be(v) = ﬁo

CFL
T T T T T T 1 T T T |
0.8 e . © Ot —-o—B=1
*s__*.~~*-— : -%- Zc
0.4 .*-"‘*--_*____*_ _*t Bc
[ LT 1 [ [ [ [ \ [ [ I I
980 185 190 195 205 210

SPL of incident wave (dB (arbltrary)) 11
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Validation: nonlinearimpedance tube

L —~—— B iSpace: ArtimonDG(4)
: o Time: LSERK (8,4)
x=0 x=1L :(Toulorge et al. 2012)

e Analytical solution even with nonlinear B = enables validation

G
Focus on (e ) given by Zc(u) = au + —=|ulu and
=]

Cn| 4|V|V - Cn| v
Belv) = g cO(ao+1)2¢(v)2’q’(v)‘”%*“co(aoﬂ)ﬂ :

= Bc(v) < v. Differences between Z and (B fluxes?

CFL
T T T T T T 1 T T T [
0.8 NS © 9 —o—B=1
*s~*~~*- : = k- ZC
0.4 B e o e Be
[ LT 1 [ [ [ [ \ [ [ I I
980 185 190 195

205 210
SPL of incident wave (dB (arbltrary))

11
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© DG discretization of IBCs

@ Application to duct aeroacoustics
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Aeroacoustical duct: overview

>
1y
x=0 Ly Ly L

ArtimonDG(4). 552 triangles. CFL = 0.5. LSERK (8,4) (Toulorge et al. 2012)

T P T 1
0
! ‘ -1
x=0 L1 L2 L
SPL (dB) at 2.5 kHz
140
130
120 - 1
110 : :
x=0 Ly Ly L
x (mm)
12
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°

Aeroacoustical duct: overview
Ba(s) (liner CT57 — NASA Langley)

>
1y
x=0 Ly Ly L

ArtimonDG(4). 552 triangles. CFL = 0.5. LSERK (8,4) (Toulorge et al. 2012)

T P T 1

! ‘ 9]
x=0 L1 L2 L

SPL (dB) at 2.5 kHz

12
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Aeroacoustical duct: overview
Ba(s) (liner CT57 — NASA Langley)

>
1y
x=0 Ly Ly L

ArtimonDG(4). 552 triangles. CFL = 0.5. LSERK (8,4) (Toulorge et al. 2012)
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DG discretization

Summary of Part I: Discontinuous Galerkind

Questions addressed in Part |l

(a) Structure of physical impedance models?
(b) Well-posedness and stability?
(c) Discretization?

(d) Nonlinear absorption mechanisms?

@ Continuous, (Semi)-discrete energy analysis
= Computational advantage of 3, B over z, Z

@® Numerical validation on ¥ | B
. >
impedance tube
B(s)
© Numerical application in 5 m >
duct aeroacoustics + @ 0 =

= Part Ill: Stability of wave equation with IBC



Wave equation stability

Part |ll: Well-posedness & Stability=Summa

Model analysis is useful in both theory and practice.

Representation of 2(s) =- Cauchy problem on extended

state
acoustic field

X =(p.0,p,9) € H.
—~—

additional variables

dX
E(t) =AX(t), X(0)=Xo.

(OJ[Xeif\Vs) \What are we interested in?

Well-posedness and asymptotic stability of a strong solution X in
H.

([ TeYe Mo lsItoteld Spectral analysis of A.

Asymptotic stability theorem: (Arendt et al. 1988; Lyubich et al. 1988).
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Conclusions & outlook

Conclusion

(a)

Structure of physical models?
Admissibility using System theory
Characterization of OD kernels 'h
Application to physical models Zphys ,
}A’phySv Bphys

Well-posedness and stability?

Asymptotic stability of wave equation
with positive-real IBC

(c)

(d)

Discretization?
Discretization of OD representation

Computational advantage of (3, B
over z, Z

Numerical application in duct
aeroacoustics

Nonlinear absorption mechanisms?

Computation of algebraic B and
validation in nonlinear impedance tube
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