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Motivation: fractional delay systemsin aeroac

Context: Noise regulations = research into sound absorption.

Modeling of locally-reacting sound absorbing material

Passive LTI system:

Perforated plate

p(t,x) = [z;.g u-n(-,x)](t)

with kernel z € D' (R)NS'(R).

Key components of z: (Monteghetti et al. 2016)

2(s) =1 + h(s) + e*7
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Motivation: fractional delay systems in aeroa

Context: Noise regulations = research into sound absorption.

Modeling of locally-reacting sound absorbing material

Passive LTI system: Perforated plate

p(t,x) = [za; u-n(-,x)](t)

with kernel z € D' (R)NS'(R).

Key components of z: (Monteghetti et al. 2016)
2(s) =1 + h(s) + e*7

= Boundary condition of a PDE on (p, u).
= Spatial discretization yields memory delay equation (x € R"):

M-x(t)+ K-x(t)=F1- hxx(t) + F>- x(t —7).

Objective: discretization of a time-local representation of hx x(t) .
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Quadrature-based discretization
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Background on diffusive representation: defi

Definition (Desch et al. 1988; Staffans 1994; Mainardi 1997; Montseny 1998)
A causal kernel h € LE ([0, 00)) is standard diffusive if

loc

with weight p € C((0, c0)).

Computational interest. Time-local computation of convolution
through

hru(e) = [ o6 ue)de
with state ¢(t,-) € L2(0, oo; u(€)d€) that obeys

{Btw(t,ﬁ) = —Ep(t,&) + u(t)
90(07 ) =0.
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Background on diffusive representation: exam
Let a €(0,1).

10 =Yy, xu ; d%uy == I
with u € 2. iwith ue H.
Fractional integral (Montseny 1998)
e sin(am
I*u(t) :/0 o(t, &) palf)d, pa(§) = 71’(§o‘ )

Similar for Caputo derivative (Lombard et al. 2016)

dut) = [T et +un moa(©de,  w0.9=".

:‘91*%0(7-'75)

Also: Bessel function Jy. (Matignon 1998, § 3.3)

Discretization?
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Discretization of diffusive representation: stat

e N
h(t) :/0 et (&) dE ~ houm(t) =D pne "
n=1

Optimization-based

Quadrature-based
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Discretization of diffusive representation: stat

e N
h(t) :/0 et (&) dE ~ houm(t) =D pne "
n=1

Optimization-based

o Linear least squares (Garcia et al. 1998; Hélie et al. 2006)

o Nonlinear least squares (Lombard et al. 2016)

Quadrature-based
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Discretization of diffusive representation: sta

N

h(t) = /OOO et (&) dE ~ houm(t) =D pne "

n=1

Optimization-based

Linear least squares (Garcia et al. 1998; Hélie et al. 2006)

Nonlinear least squares (Lombard et al. 2016)

Quadrature-based

Truncation on (10?,10%) with Gauss-Legendre and Curtis-Clenshaw
(Baranowski 2017)

Fast time stepping: split of Y, * u(t) between “local” and
“historical” parts (Haddar et al. 2010; Li 2010)

Gauss-Laguerre on (0, 00) (Yuan et al. 2002)

Gauss-Jacobi on (—1,1) (Diethelm 2008) (Birk et al. 2010)
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Quadrature-based discretization: definition -

o) N
hE) = [ U 2 hoam(6) = 3 e
n=1

SIEILSAAY (Davis et al. 1984, Chap. 3) (Atkinson 1989, § 5.6) (Shampine 2008,
§ 4.2)
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Quadrature-based discretization: definition

he) = [ S O = () Zue“t

SIEILSAAY (Davis et al. 1984, Chap. 3) (Atkinson 1989, § 5.6) (Shampine 2008,
§ 4.2) Change of variables & = W(v)

1
h(t) = /1M(W(v))ew(")t\lll(v)dv:> {

with (vp, w,) Gauss-Legendre nodes.

En = W(Vn)
Kn = anl(vn):u(fn)
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Quadrature-based discretization: definition )y

he) = [ S O = () Zue“t

SIEILSAAY (Davis et al. 1984, Chap. 3) (Atkinson 1989, § 5.6) (Shampine 2008,
§ 4.2) Change of variables & = W(v)

1
h(t) = /1M(W(v))e‘"(")tklll(v)dv:> {

with (vp, w,) Gauss-Legendre nodes.

( is non-oscillating and  p(§) = (@] <1)

Definition of Q3 y method
1
1 1
Vs(v) = <1 i— Z)B with >0

Properties? Choice of 37 9

gn = W(Vn)
Mn = an/(Vn),“(fn)
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Quadrature-based discretization: analysis

1 1 1
) =5 [ e =T @) () d

Best 57 = Integrand regularity. (Atkinson 1989, Thm. 5.4) (Dunham 1930,
Thm. LVIII)

10
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Quadrature-based discretization: analysis

1 1 1
) =5 [ e =T @) () d

Best 57 = Integrand regularity. (Atkinson 1989, Thm. 5.4) (Dunham 1930,
Thm. LVIII)

Results for h=Y,, a € (0,1)

B<1—a = Ya,num(t) - Yoe(t) (t > 0)

10
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Quadrature-based discretization: analysis

1 1 1
) =5 [ e =T @) () d

Best 57 = Integrand regularity. (Atkinson 1989, Thm. 5.4) (Dunham 1930,
Thm. LVIII)

Results for h=Y,, a € (0,1)

ﬂ <l—-« = Ya,num(t) — Ya(t) (t > 0)
f<min(e,1-a) = HYa,numHLl(O,T) - ”YaHLl(O,T)

10
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Quadrature-based discretization: analysis

1 1 1
) =5 [ e =T @) () d

Best 57 = Integrand regularity. (Atkinson 1989, Thm. 5.4) (Dunham 1930,
Thm. LVIII)

Results for h=Y,, a € (0,1)

B<1—a = Ya,num(t) - Yoe(t) (t > 0)

B<min(e,1—a) = |[[Yonumlior) = [Yalliion
1
(+) 3 eN, % eN = Spectral convergence

10



Quadrature-based discretization
0®00

Quadrature-based discretization: analysis

1 1 1
) =5 [ e =T @) () d

Best 57 = Integrand regularity. (Atkinson 1989, Thm. 5.4) (Dunham 1930,
Thm. LVIII)
Results for h=Y,, a € (0,1)
f<l—a = Yonum(t) = Yo(t) (t>0)
B<min(a,1—-a) = |[[Yonumllior) = [Yallo,n

1
(+) 5 €N, 2eN = Spectral convergence

B s

Conclusion: two choices for

o :nl/n2 or o=~ nl/n2 /82 = min(a, 1-— OA)
= 1= 1Yn

Let's test this numerically! 10
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Quadrature-based discretization: illustratio

h=Yi, wm=10% T =10%

181110, 7= 1 Aoum | 10,79 |

— ihium 1
|1 o ("")Hpo(fwm,wm) o)

RN RN T IR IR RRR ™

1074 | o107t T

1078 - 1078} |

10—12 - . 10—12 - |

—16 Lol Lol Lo —16 Lol Lol Lo
10 1 10 100 500 10 1 10 100 500

N N
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Quadrature-based discretization: illustration

h=Yi, wm=10% T =10%

o (; 180l 0, 7yl w30, 7|
|1t ("")Hpo(fwm,wm) o)

T T T T T T ] IR RRR ™

1074 - 1074 |

10-8 - 10°8 |

10—12 . 10—12 |

—16 Lol Lol Lo —16 Lol Lol Y, ¥
10 1 10 100 500 10 1 10 100 500

N N

Qp,n discretization with (—) = B1

11
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Quadrature-based discretization: illustratio

h=Yi, wm=10% T =10%

o (; 1141130, 7)1l 30,7 |

|1t )|, B

T \\7\‘7‘*_\\\\\\\\\”‘ T T T H-r4!_\\ T T T T T
104 \‘\\ 7 10—4 ! \,’\\A i

\ W
108 N 108 N 2
1012 \ L. 07 ™ 2
10—16 Lol Lol \'\ L 10—16 Lol I \\\\\\\‘r"Mf‘m
1 10 N 100 500 1 10 N 100 500
1

Qp,n discretization with (—) 8= p1 & (---)F= p2 = >

11
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Quadrature-based discretization: illustration

h=Yi, wm=10% T =10%

o (; 180l 0, 7yl w30, 7|
|1t ("")Hpo(fwm,wm) o)

1 | —— T T T T T T ]_ B \‘\ T T T T T T T
10~ |- \ 104 ﬁ—mhﬂ\
108 |- N 108 N :

10712 |- \ 1072| N
10—16 Lol Lol \'\\“\\ 10—16 Lol I \\\\\\\‘r"Mf‘m
1 10 100 500 1 10 100 500
N N
1

Qs discretization with (—) 8= 1 < (---)8= f2 ==

2
(—) B =p2 x 0'99} Sensitivity to /3

11
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Quadrature-based discretization: illustratio

Ifa#L B # Ba. Let
h=Ys, wm =10% T =10%

_ g 181110, 7y~ 1o 110, 7)|
Hl h (Iw)HL‘X’(fwm,wm) Hh”Ll(oyr)

T T T T T T T T T T T T T T T T T T T T T T

1074 | 107t .

1078 - 1078} |

10—12 - . 10—12 - |

—16 Lol Lol Lo —16 Lol Lol Lo
10 1 10 100 500 10 1 10 100 500

N N
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Quadrature-based discretization: illustration

Ifa#L B # Ba. Let
h=Ys, wm =10% T =10%

_ Foum (; 1Al 0,7~ 1m0, 7 |
Hl h (Iw)HL‘x’(fwm,wm) Hh”Ll(oyr)
T T T T T T T T 1 \\\H‘ T T 1 ‘ T =T T T 1 \\\H‘ T 1 ‘
1074 | - 1074 |
1078 - 10°8 |
10—12 I o 10—12 |
—16 Lol Lol (| —16 Ll Ll [ A |
10 1 10 100 500 10 1 10 100 500
N N
. . . 1
Qp,n discretization with (—) 8= 1 = 3

12
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Quadrature-based discretization: illustration

Ifa#L B # Ba. Let
h=Ys, wm =10% T =10%

_ g 181110, 7y~ 1o 110, 7)|
Hl h (Iw)HL‘x’(fwm,wm) Hh”Ll(oyr)
=T \\\'Tws,,__\\\\\\\\\\\ T T T H\uu!‘ T T T T T T
1074 S 10t RS :
10-8 |- 108 b :
10—12 - . 10—12 - \\\\sm
—16 Lol Lol (| —16 Ll Ll [ '\
10 1 10 100 500 10 1 10 100 500
N N
1

Qs n discretization with (—) 8= B1 = 3
(---)B= P

12
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Quadrature-based discretization: illustration

Ifa#L B # Ba. Let
h=Ys, wm =10% T =10%

_ Foum (; 1Al 0,7~ 1m0, 7 |
Hl h (Iw)HL‘x’(fwm,wm) Hh”Ll(oyr)
=T T ,,__\\\\\HH\ T T a wrug\‘ T T TTTTT] T T
1074 | W 104 ) *
10-8 |- 108 b :
10—12 I o 10—12 [ \\\\ —
—16 Lol Lol (| —16 Ll Ll [ M
10 1 10 100 500 10 1 10 100 500
N N
. o . 1
Qp,n discretization with (—) 8= 1 = 3

(---) B = B2 = Choice from now on

(—) B =max(a,1 — «)
12
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Outline

e Numerical comparisons and applications
@ Spectral accuracy of quadrature methods
@ Comparison with optimization method
@ Application in duct aeroacoustics

13



Comparisons and applications

[ Je}

Eigenvalue approach to stability: overview =
Vector-valued fractional delay system: (Monteghetti et al. 2017)
x(t) = Ax(t) + B x(t —7) — G d*72x(t) (7 >0).

14
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[ Je}

Eigenvalue approach to stability: overview =
Vector-valued fractional delay system: (Monteghetti et al. 2017)
x(t) = Ax(t) + B x(t —7) — G d*72x(t) (7 >0).

Hyperbolic realisation (PDE) Parabolic realisation (ODE)

O = Ogtp, ¢(t7 0= 0) = X(t) Orp = —=Ep + X, 90(075) = U(O)/E
x(t =) = (2, ~7) ot = [T mal) g€
= Abstract Cauchy problem on H

X(t) = AX(t), with X :=(x, %, ).

Stability <= spectrum o(.A)

14



Comparisons and applications

[ Je}

Eigenvalue approach to stability: overview
Vector-valued fractional delay system: (Monteghetti et al. 2017)
x(t) = Ax(t) + B x(t —7) — G d*72x(t) (7 >0).
Hyperbolic realisation (PDE) Parabolic realisation (ODE)

3t1/1 — 89¢7 w(ta 0= 0) = X(t) 81‘90 — _590 + X, 90(075) — U(O)/E
x(t = 7) = (£, —7) di-ax = / () pal€) de
0

= Abstract Cauchy problem on H
X(t) = AX(t), with X :=(x, 9, ¢).
Stability <= spectrum o(.A)

| High-order DG-FEM (Np) | Qp,n or optimization (N)

Xn(t) = Ap Xn(t)  with Xy = (x, ¥n, ©n)

OLEYFS) Ensure o(.Ap) is “meaningful”. N, N

14
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Eigenvalue approach to stability: spectral ace

A and B so that A is asymptotically stable (Monteghetti et al. 2017).

Theoretically S(A):= sup R(A\)=0

Aeo(A)

41 . H

. of i
= of |
O o i
—4r \ \ L
-0.3 -0.2 -0.1 0

R(An)

15
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Eigenvalue approach to stability: spectral ac

A and B so that A is asymptotically stable (Monteghetti et al. 2017).

Theoretically S(A):= sup R(A\)=0

A€o (A)
| 10°

al 1 af :
. 2l | oL |
< of 1—0+ .
& ol 1 o0 -
4] ‘ ‘ ‘: 4 [N N N —

-0.3 -0.2 —-0.1 0 -8 -6 -4 =2 0
R(An) R(An) 1073

| Qs with =5, | \ |
N
S(Ap)

15



Comparisons and applications

A and B so that A is asymptotically stable (Monteghetti et al. 2017).
Theoretically

1073

4 4 | ]
~ 2 2 ]
= OV 3 0 00 0.00000000000000NNNNHHIMIED
R R R i 1 2F §
-4 AOO\ | | H -4 A N N N I

-0.3 —0.2 -0.1 0 -8 -6 —4 -2 0
R(An) R(An) 1073

[QuwithG=5] () | | |
N 400
S(Ap) —8.1x 1071

15



Comparisons and applications

A and B so that A is asymptotically stable (Monteghetti et al. 2017).
Theoretically

4 §
< 2 }
7 2l e | =2/ :
-4 m“\ | | H —41 N A N A
-03 —02 —0.1 0 -8 —6 -4 —2 0

R(An) R(An) 1073

| Qs with =5, | (©) ‘ () ‘ ‘

N 400 200
S(Ap) —81x107M [ -1.3x107°

15



Comparisons and applications

A and B so that A is asymptotically stable (Monteghetti et al. 2017).
Theoretically

4 |
I }
7 e | =2/ f

—4L 5*‘\ | | L —41 N A N A

-03  -02  —01 0 -8 -6 -4 -2 0

R(An) R(An) 1073
| Qs with 3= 5, | (©) \ () O
N 400 200 11
S(Ap) —81x107M [ -13x10°] —-1x107*

What about the optimization method? 15
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Optimization-based discretization: principle

Il Minimization of (Hélie et al. 2006)
N 2

Kn
fnnun = Z /Wk z:l ik + &,

N poles &, in [gmimgmax]

[llustration
R(Viw

10 UL “‘(““\ T ‘)‘““‘\ IR
1)
-
102
0—3 :\m\ R RNTT| I R AR TTT AR 1
1073 1072 107! 10° 10!

w t
16
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L Je]

Optimization-based discretization: principle

Il Minimization of (Hélie et al. 2006)
N 2

Kn
fnnun = Z /Wk z:l ik + &,

N poles &, in [gmimgmax]

[llustration

10 R(Viw)
L L L L L E
N =13 -
]. ? : | é
1071 F 1 =
1072 E
0—3 :\m: \n?i\'?\m\ IR AN gwn?\a?\(m: ]
1073 1072 107! 10° 10!

w t

16
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Optimization-based discretization: principle

Il Minimization of (Hélie et al. 2006)
N 2

Kn
fnnun = Z /Wk z:l ik + &,

N poles &, in [gmimgmax]

[llustration

10 R(Viw)
L L L L L
N =13 -
]. ? : | é
1071 F =
1072 F] E
0—3 :\m: \n?i\'?\m\ IR AN gwn?\a?\(m: ]
1073 1072 107! 10° 10!

w t

16
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Optimization-based discretization: principle

Il Minimization of (Hélie et al. 2006)
N 2

Kn
fnnun = Z /Wk z:l ik + &,

N poles &, in [gmimgmax]

[llustration
R(Viw
10 ?H:N T H‘(HH\ T ‘)HHH\ IRALLL =
L[ iN=5 §
1071 8 : E
1072 F; E
0—3 :\m: \n?i\'?\m\ IR AN gwn?\a?\(m: ]
1073 1072 107! 10° 10!
w t

16
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Optimization-based discretization: principle

Il Minimization of (Hélie et al. 2006)
N 2

Kn
fnnun = Z /Wk z:l ik + &,

N poles &, in [gmimgmax]

[llustration
R(Viw
10 ?H:N T H‘(HH\ T ‘)HHH\ IRALLL =
L[ iN=5 §
1071 8 : E
10727 E
0—3 :\m: \n?i\'?\m\ IR AN gwn?\a?\(m: ]
1073 1072 107! 10° 10!
w t

16
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Eigenvalue approach to stability: spectralace

What about the optimization method?

4 B T T T T 7]
_ 2l ]

= 0
O oL }
-4 | | L
—-0.3 —-0.2 —-0.1 0

R(An)

17



Comparisons and applications

Eigenvalue approach to stability: spectral ac

What about the optimization method?

| 1073
4 14 .
~ 2 - 1 2f -
= 0 0 s
& _of 1 ol .
—4 - | | \: —4 - N A O A
-0.3 -0.2 -0.1 0 -8 -6 -4 =2 0
R(An) R(An) 1073
Let &min = 10716
fmax ‘: 104 {max‘: 106
N
S(Ap)

17
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Eigenvalue approach to stability: spectral ace

What about the optimization method?

1073 |
4 | "o 4 i ! ! o ‘ ]
= 2 B 2 i b o0 i
< 0Ofe Ok o o o 00 oooo% n
& ol o 1 o0 % -
i o0 i [ CIN
-4 Aoo\ | | n -4 A N N N I
-0.3 -0.2 -0.1 0 -8 -6 -4 =2 0
R(An) R(An) 1073
Let &min = 10716
fmax = 104 {max = 106
(©) \ |
N 400

S(Ap) | 3.4x 10713

17
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Eigenvalue approach to stability: spectral ac

What about the optimization method?

—4 of | \ \ \ _47X\X‘ N N A

-0.3 -0.2 -0.1 0 -8 -6 -4 -2 0

R(An) R(An) 11073
Let &min = 10716
fmax — 104 §max — 106
© [ © |
N 400 200
S(Ap) [ 34x10713 [ 38x10°14

17
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Eigenvalue approach to stability: spectral ace

S(An)

What about the optimization method?

N O N b

Let &min = 10716

fmax = 104 {max = 106
© [ ® (|
N 400 200 400
S(Ap) | 34x1078 [ 38x107¥ [[9x 10712

17
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Eigenvalue approach to stability: spectral ac

What about the optimization method?

o 1073
4 '..‘ \o T T 5
2 .°o ~ ® ofx Pedx ]
0 +0 B%0 #D @ ox O+ 0 +0 ® e .
- ° "5 [ (:;‘% |
2 x. %
e® o %o
—4 ..‘ ‘ ‘O N
—-0.3 —-0.2 -6 -4 -2 0
R(An) RO 1073
Let gmin = 10716-
fmax — 104 §max = 106
ORI C) OO
N 400 200 400 200
S(Ap) [ 34x10713[38x1071* [[9x 10712 [ 1.6 x 10712

Qp,n best suited for stability studies.

17
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Duct aeroacoustics: overview

Linearized Euler equations in €2

Z](t,x)—o @:

with p(t,x) = [zat<u -n(-,x)] (t) on 0.

Physical impedance model (Monteghetti et al. 2016)

Zohys(S) = a0 + a1, /s + a15 + coth(ap + a1/, /s + as)

18
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Duct aeroacoustics: overview

Linearized Euler equations in €2

Z](t,x)—o @:

B; [ Z ] (t,x) + A

with p(t,x) = [zat<u -n(-,x)] (t) on 0.

Physical impedance model (Monteghetti et al. 2016)
Zohys(S) = a0 + a1, /s + a15 + coth(ap + a1/, /s + as)
=1+a + a/ ill(S) + e 7 i)z(s) .

18
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Duct aeroacoustics: overview

Linearized Euler equations in €2

Z](t,x)—o @:

with p(t,x) = [zat<u -n(-,x)] (t) on 0.

Physical impedance model (Monteghetti et al. 2016)
Zohys(S) = a0 + a1, /s + a15 + coth(ap + a1/, /s + as)
=1+a + a/ ill(S) + e 7 i)z(s) .

Discretization process h; ~ hj num:
® Quadrature or optimization = Initial guess for h; num = Zaum
® Nonlinear least squares against experimental data

[1Z0um (iw) = Zexp (i)

18
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Duct aeroacoustics: application

| i
X=0 L L L
ArtimonDG(4). 552 triangles. CFL = 0.85. LSERK (8,4) (Toulorge et al. 2012)
T P T 1
0
! ‘ -1
x=0 L1 L2 L
SPL (dB) at 2.5 kHz
140
130
120 - -
110 ‘ ‘
X = Ly Ly L
x (mm)

19



var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton0'){ocgs[i].state=false;}}




Comparisons and applications

oe

Duct aeroacoustics: application
Ba(s) (liner CT57 — NASA Langley)

| i
X=0 L L L
ArtimonDG(4). 552 triangles. CFL = 0.85. LSERK (8,4) (Toulorge et al. 2012)
T P T 1
0
! ‘ -1
x=0 L1 L2 L

SPL (dB) at 2.5 kHz

19



var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton1'){ocgs[i].state=false;}}



Comparisons and applications

oe

Duct aeroacoustics: application
Ba(s) (liner CT57 — NASA Langley)

| i
X=0 L L L
ArtimonDG(4). 552 triangles. CFL = 0.85. LSERK (8,4) (Toulorge et al. 2012)
T P T 1
0
! ‘ -1
x=0 L1 L2 L
SPL (dB) at 2.5 kHz M = 0.335
140 I I
130 - .
120 - 9
110 ‘ ‘
X = Ly Ly L
x (mm)

19



var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton2'){ocgs[i].state=false;}}
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Outline

@ Conclusion
@ Conclusion
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Conclusion

Conclusion
(g,n method Optimization-based method
¢ One parameter (3(a) X At least three parameters
v No spectral pollution X Polluted spectrum
X Emax X N% v/ Control of &max

v/ Suited for wave
propagation

e Applications to fractional PDE (e.g. fractional Schrodinger
(Garrappa et al. 2015))

e Extension to diffusive operators with singular or
sharply-varying weight 1 (e.g. Webster-Lokshin, Cavity
impedance)

e Enhancement of the optimization method
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Thanks for your attention. Any questions?

Contact: florian.monteghetti@onera.fr
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