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Quadrature-based diffusive representation of the fractional
derivative with applications in aeroacoustics and eigenvalue

methods for stability

The Riemann-Liouville fractional derivative can be recast into an ob-
server of an infinite-dimensional state ϕ through its so-called diffusive rep-
resentation

d1/2f(t) =

ˆ ∞

0
µ(ξ)∂tϕ(t, ξ) dξ, with ∂tϕ(t, ξ) = −ξϕ(t, ξ) + f(t),

ϕ(0, ξ) = 0, and µ(ξ) = 1/π
√
ξ. This purely time-local representation of the

hereditary operator d1/2 is computationally relevant insofar as it can be con-
veniently and accurately discretized. A discretization method, which involves
a linear least-squares optimization, has proven suitable for time-domain sim-
ulations,1 but it requires an a priori choice of the Nξ discrete poles ξi and
leads to spectral pollution, which prevents its use in eigenvalue problems that
arise in fractional ordinary (FDE) and partial differential equations (FPDE).

This talk introduces a quadrature-based discretization method whose sole
parameter is Nξ and illustrates its properties on two applications. It is
first applied to the stability study of a fractional delay differential equation,
by computing the spectrum of the associated infinitesimal generator.2 It
yields accurate and convergent spectra, by contrast with the optimization-
based method. The second application is a bidimensional wave propagation
problem, namely the linearized Euler equations with a fractional impedance
boundary condition.3 Perspectives include the application to fractional PDEs
and the extension to other hereditary operators of diffusive type.
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